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THE DETERMINATION OF THE POTENTIAL CONSTANTS OF SOQ

*
FROM CENTRIFUGAL DISTORTION EFFECTS

By Daniel Kivelgon»¥

Y it Chemical Laboratory
Harvard Universityl Cambrldge, Massachusetts

ot

The microwave spectrum of SO, was reanalyzed with particular emphasis
upon the effect of centrifugal distortion. It was possible to fit the
rotational spectrum to within a mean deviation of +0.23 Mc using the energy

T

expression given by Kivelson and Wilson. The rotational constants so
determined are a = 60778.79 Mc, b = 10318.10 Mc and ¢ = 8799.96 Mc. The
four distortion constants could not be uniquely determined directly from
the rotational spectrum.
The sets of potential constants determined by Wilson and Polo12
were used to calculate distortion constants and these in turn used to
calculate frequency shifts due to centrifugal distortion. These shifits
are zraitically dependent upon the sel of potential constants used. By choosing
a set of pctential constants thet yield distortion frequencies in accord

with those obtained from a direct analysis of the rotationsl spectrum, a

very sensitive determlination of the potential constants may be made. The

resulting distortion constants are: Q:;aaa = -9.8098 Mc; Zfbbbb = -0.0%9697 Mc;
7 = . 7 = -
C aabb = +0,41170 Mc; cabab = -0.053204 Mc.

* This research was supported in part by the Office of Naval Research under
Corntract NSori 76, Task Order V.

¥* Pregsent addvess: Department of Physics, Massachusetts Institute of Technology.



INTRODUCTIONH
The microwave spectrum of SO2 has been studied previously by several

investigatorsol’Q’B Crable and Smith2 studied the low J transitions and

1 Dailey, Golden, and Wilson, Phys. Rev. 72, 871 (1947).
e G. Crable and W. Smith, J. Chem. Phys. 19, 502 (1951).

3 M. Sirvetz, J. Chem. Phys. 19, 938 (1951).

determined structural psrameters on the basis of a rigid rotor model. Sirvetz

considered high J transitions using a semi-rigid model with constants of centri-
fugal distortion calculated from infrared vibrational data. The present inves-
tigation treats the SO2 spectrum in a third way; it also employs a semi-rigid
rotor model, but the constants of centrifugal distortion are determined directly
from the rotational spectrum and used to obtain estimates of the vibrational
frequensies, Finally, the information obtained from the pure rotational spectrum
is combined with resulte derived from the vibrational spectrum to give precise
information about the quadratic force field.

The HEamiltonian in the symmetric rotor representation for a semi-rigid

rotor of orthorhombic symmetry is a complicated matrixh with (K|k), (K|k + 2)

* E. B. Wilson, Jr., J. Chem. Phys. 5, 617 (1937).

g

and (K{K + 4) elements where K is the quantum number corresponding to the

component of angular momentum along the z-axis. Sirvetz used the Mathieu

function method proposed by Golden5 to evaluate the contribution of the

B

7 S. Golden, J. Chem. Phys. 16, 250 (1948); and erratum, 1bid. 17, 586 (1949).

O

(KfK + 4) elements and the continued fraction method discussed by King, Hainer




and Crossb to evaluate the contribution arising from the rest of the energy

King, Hainer and Cross, J. Chem. Phys. 11, 27 (1943).

matrix. Since the constants of centrifugal distortion appear both on and off

the diagonal in the Hamiltonian matrix used above, it would be an almost
impossible task to determine these constants empirically from the rotational
spectrum without making some approximations.

Recently an approximate form of the Hamiltonian for the semi-rigld rotor

has been proposede7 In this form the effect of centrifugal distortion on the

energy levels may be treated as an additive perturbation in which the distortion

constants (7 's) enter linearly. This form permits the determination of

7

D. Kivelson and E. B. Wilson, Jr., J. Chem. Phys. 20, 1575 (1952).
Hereafter referred to as I.

the 7 's from rotational data.

THEORY
The energy of a semi-rigid rotor is given by Eq. (I-17). Rewriting this
equation in a more convenient form one has:
2 2 2
W= - D+ 28] 77(341)° - Dy - bRg] 3(341) KR,
N 2
- [y + 2B K, > + 266, 3(a41) (3,° -7

+ l&R56'(~pzu+K2’Q + Kapzz +pz2‘fz )

+ hR6G'2 (pzu -2K2pz2 + 7&2 - 2P2272 ) (1)
where

e e @
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p,t =<zt - & (3)
2\ 2

M sy X (&)

}{ 1s the asymmetry parameter and A the reduced energy defined by King, Hainer
and Cross, K is the limiting symmetric rotor quantum number and the remaining
quantities in Eq. (1) are defined in I.

The distortion constants appearing in Eq. (1) are linear combinations of

the distortion constants z;;m; introduced by Wilson and Howard.8 Explicit

8 E. B. Wilson, Jr. and J. B. Howard, J. Chem. Phys. 4, 260 (1936).

formulas for the evaluation of these 7T 's in terms of the four independent

force constants of SO2 have been given in a previous papern9 Since there are

9 D. Kivelson and E. B. Wilson, Jr., J. Chem. Phys. 21, 1229 (1953).

only four force constants, the seven T 's that enter into Eq. (1) are connected,

the relations being as follows:

4 4 4
c ¢ ~ c

fcmys Txxxx;lr" z.;zzz::+26xxzz:£;§ (5)
02 02

T}'}’XX N T’Xxxx ;5 0 oxxez ? (6)
o? ®

’C'yyzz = T2z ;2' * Tz ;5 (7)

where a, b, c are the usual reciprocal principal moments of inertia, a® bd ¢
and the al representation of King, Hainer, and Cross has been used.

Combining Eqs. (5) - (7) with Eq. (1) one finds that the energy of the
system is equal to the rigid rotor energy (Wo) plus terms linear in the four

distortion constants T‘m, Tazzz, T The coefficients of

XxXxz2, szxz '



these congtants can be readily calculated since J and K are the vrotational
quantum numbers, X\is the rigid rotor reduced energy and can be calculated

el
from previously determined approximate rigid rotor parameters;, snd <£Z""> and

<:quj> can be calculated from the rigid rotor parameters by means of Eq. (I-23).
Y ad

ITERATION PROCEDURE

The rigid rotor parameters detarmined by Crable and Smith from the three
lowest J trenei*ions which are only slightly affected by centrifuvgal distortion,.
were used as zeroth-order rotaticnal constants. The four highest J transitions
were then calculated on this basis and the discrepancy between calculated and
observed freguencies (5\)) was attributed to centrifugal distortion. <£2‘2>
and <;§Zh>> were calculated using these parameters and Eq. (1) was used to
solve for the four independent T 's. The distortion of the three lowest J
trensitions was then computed and new rigid rotor parameters deterrined. The
rioLoiaTs was then repeated with these paremeters. The initial coefficients
~f t.e T 's were used throughout since the change in rigid rotor parameters
414 not affect these quantities appreciably. The cycle was repeated three times.
The mean deviation between the observed frequenczies and those caleilated by this
methol i3 ln25'mega¢y0153 for 8]l these lines.

A least squares calculation on seven of the levels with the four 2 's
as parameters did not reduvce the mean deviation. Since the reported mean
experimenta12 error on the three lowest J lines is .12 Mc. and the mean
discrepancy between the present calculation and observed values for these

lines is .15 Mc it was not thought profitable to continue the iteration proceduvre.



The rotational parameters determined in this manner are

60778.79 Mec.

a

b = 10318.03 Mc.

il

8799.74 Me.

c

which are respectively 2 2, 0.4, and 0.3 megacycles larger than those reported

by Crable and Smith.

LEAST SQUARES PROCEDURE
In order to get a more reliable set of constants a more extended least squares
calculation was carried through with seven variables, the four distortion constants
and three functions of the rotational constants. The rigid rotor energy was 4if-
ferentiated with respect to the rotational parameters and only linear variations

of the energy with respect to these parameters were consideredolo It is convenient

10 The rigid rotor energy WO is given by the relation

W= (1/2) (be) J(341) + (1/2) (a-e) N (H)

where A\ (¥,) is the reduced energy. With the use of YW /da = { P 2)11: can be
o weZ
shown that

ax/al, = (n-2<p,°>)/(1 + %)

<P22> can be evaluated by Eq. I-2%.

to take {a-c), (b+c) and the asymmetry parameter M as the rigid rotor variables.
The least squares calculations were performed on a system of eleven lines, that is

all but the b, — ul and the 919—> 8,4 lines in Table I. The resulting rigid

>

rotor parameters are;

a = 60778.79 Mc.
b = 10318‘,].0 Me,
¢ = 8799.96 Mc.



and the distortion constants are given in Table II. The transition frequencies
calculated on the basis of these parameters are given in Table I along with the
obeerved frequencies. These agree much better with the observed frequencies than
do the preceding set. The mean deviation from the experimental frequencies 1is

0.2% Mc., which is just above the range of experimental accuracy.

RESULTS

Table II gives the values of the 0" 's determined by the procedures outlined
above. It is found that the relations between the % 's and the frequencies are
not sufficiently independent t0 permit the determination of & unique set of T7's,
elthough one may obtain T 's that yield frequencles in good agreement with the
observed microvave frequencies., Since the T's can be explicitly related to the
force constants that enter into a general quadratic potential field,9 (ef. Appendix)
the force constants corresponding to the various sets of T 's have been evaluated

and are given in Table II.]‘l The interatomic parameters used vere derived from

11 In making these and subsequent calculations the rollogng conlunis vere
used: ¢ = 2.997902 x 1010 cm./sec.; N = 6.0254k4 + 00011 x 105/ gm. mole~*;
m = 16 AMU; m, = 31.9823 ANU; h = 6.62377 + .00018 x 1027 erg. sec.

the "effective"inverse moments of inertia a and b. They turn out to be

‘.1:-0 = 1.4321 § and £0-8-0=119.536°.The force constants have been used to

calculate the vidbrational frequencies of 802. These results are given in Table II.
The predicted vibrational frequencies are the right order of magnitude but

differ appreciably from the observed values. This is understandable since the

various sets of 7 's calculated from the rotational spectrum yield quite differ-

ent vibrational frequencies. Thus very great accuracy could not be expeof;ed

since a unique set of 7''s cannot be determined from the rotational spectrum and



since centrifugal distortion only adds a small correction term to the rotational
energy. Even for diatomic molecules the agreement is not better than twelve
percento12

12 G. Herzberg, "Rotation and Vibration of Diatomic Molecules," D. Van
Nostrand Co., Inc. (1950). p. 10S.

The effect of centrifugal distortion on the rotational frequencies of 802
is small even for high J values. Thus a small error in the microwave frequency
introduces ¢ large error in the 7 's and hence in the vibrational frequencies.
It should be noted that although the frequency shift of the lines arising from
distortion is small, the corresponding shift in the energy levels is large, e.g.,
about 7000 Mc. for 556,50’ The Z 's have been reported to many places in spite
of the fact that even the second place is in doubt because the distortion frequen-

cies depend on rather small differences of large numbers.

COMBINED INFRARED-MICROWAVE RESULTS
Microwave data together with infrared measurements can be combined to yield

more information concerning the force field than can be obtained from either

13

approach individually. In the preceding paper Polo and Wilson - have analyzed

13 S. Polo and M. K. Wilson; see preceding paper.

the infrared spectra of 016-8-016 and of 016-8-018 and have obtained

potential constants describing a general quadratic force field. However, the
infrared data allow the determination of the potential constants only within a

range of values corresponding to F 1= (10.0'% 0.2) x 10° dynes em. "t

1



These potential constants have been used to compute the four independent
T 's entering into the expression for the frequency shift due to centrifugal
distortion. This is the reverse of the process described in the previous sections
of this paper. The T 's were computed for each of three sets of potential constants
obtained by Polo and Wilson, for the set corresponding to Fll = 9.8 x 105,
10.0 x 105, 10.2 x lO5 dyne cm‘,'l The frequency shift due to distortion was then
calculated for each set of distortion constants, In Table III it is readily seen
that the distortion frequencies depend critically upon the particular set of con-
stants used. It is difficult to decide exactly what the distortion frequency
should be but also included in Table III are the distortion frequencies calculated
from the two sets of T 's dgrived directly from the rotational spectrum. (See
Table II). This should give an estimate of the uncertainty in the frequency
shift due to centrifugal distortion. Even without too much precision in estimat-
ing the "true" distortion frequencies, it can be seen that the correct set of
potential constants can be obtalned with great accuracy by interpolatior. Thus

x 105 dyne cm.-l

the best value of F.., can be set at 10.030 + .005/ Using this value of the

11
potential constant, the other potentlal constants were obtained from the infrared

data, th= T°'- .ederived and the distortion frequencies recalculated. The force

1k
coneant *irn out to be

1h See definition given in reference 12.

. 5 -1

fd = 10,006 + .0025 x 107 dyne cm,
£ 2= 07935 + .00015 x 10° dyne cm.

7 -

. 5 -1

faa = 0.0236 + .0025 x 10° dyne cm.
-1

fdx/dw = 0.189 + .005 «x 105 dyne cm.



t

while the distortion constants are

T gana = -9-8098 Mc.

Tbbbb = -0.039696 Mc.
Toaop = +0-41170 Me.
T ey = ~0-053203 Me.

Table III gives the distortion frequencies calculated with these constants.
The mean devliation between the observed frequencies and the frequencies calculated

with these constants is 1.32 Mc. for all the transitions considered.

DISCUSSION

It has been seen that Eq. (1) can be used to yield calculated frequencies

in very good agreement with the observed microwave frequencies of soe. However,

no unique set of 7 's can be obtained in this way, and the derived vibrational

frequencies differ considerably from the observed infrared frequencies. At the

same time it 1s seen that if the T's are to be calculated from force constants
derived from the vibrational frequencies, the force constants must be known with
great accuracy for the resulting distortion frequencies depend critically on the

values of fuyree constants used. This accounts for the difficulty Sirvetz3 had in

fittioag tue rotational spectrum of SOE'

The infrared datal3wereu5ed to yield interrelations between the potential

constants. In this way the problem was reduced to a one parameter one which

could be determined accurately by the analysis of the effect of centrifugal

distortion in the rotational spectrum. In this way accurate values of the

potential constants could be cobtained. The accuracy reported 1s somewhat deceptive

since it assumes that the theory is exact when in fact such factors as the



11

anharmonicity of the potential function has been totally omitted. The use of
a, b, and c in Egs. (5)-(7) rather than the equilibrium values of the moments of
inertia and the use of non-equilibrium interatomic parameters alsc affects the
results. Furthermore, the accuracy of the interrelations of the force constants
determined from the infrared results are limiting factors on the final precision.
The methods used in this analysis are quite general and should be applicable
to other molecules although the calculations become quite formidable for more
complicated molecules.
The author would like to thank Dr. Santiagc Polo and Professor M. K. Wilson
for their cooperation and aid in the final determination of the potential constants

from the combined infrared-microwave data. He would also like to acknowledge the

most valuable and frequent advice given throughout by Professor E. Bright Wilson, Jr.



AFPENDIX

<
The distortion constants are related to the potential constants as follovs:}

BT, . 97«‘11'1 + tan"o FZE'Q}' - 2JZ tsno Fle“l
R T b ne - epll"‘ + ctn®o Feg”l +2Y2 ctn o Flg"l
R o a b pt - EFll_l - F22’1 +42 (ctn 6 - tan ) FlQ'l
BT at vt o QMmS'l (1 + amoms“l sin-6) "% Fﬁ‘l
whare
R = % A°n 092

@ is une-half the 0-8-0 angic wud ¢ Is the 3-0 Jistance expressed in Angstrom

units and M = ?mn + Mmoo _g:l is the 'mverse of the potential constant matrix F_
. 1
given by Polo and Wilson.

AN



Transition

—
O,0 7 11

2,21

,1

31,3 —>by )

I

o, 41,3

61,5 => 92,4

To,6= 81,7

9,9 = B2,6
132119—* 125 g
165 15172 16
22, 19215 10
23¢ 157 2M,20
2k 19720y,

34e 277 3%,30

TABLE 1

S0,, ROTATIONAL TRANSITIONS

2

Computed Frequency

"Least Squares Method"

(Me.)

69576 .01
53529.00
29321, 4h
59224.,96
23414.08
25393.22
2408%.65
20335.07
28858.10
24040.08
22482.68
26776 .80
25049.31

& Measured by Crable and Smith

v Measured by Sirvetz

13

Observed.
Frequency
(Me.)

69576.06™
53529,16"
29321 22%
59225.00°
25&1&.§ob
25392.80°
24083.39°
20335 47"
28858,11°
£4039.50°
22&82L51b
26777.20°

250&9,15b
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1k

TABLE II

SOp DISTORTION AND POTENTIAL CONSTANTS

Iteration Least Squares
Pronesdure Procedure
e % 7F
mex {(Mc.) - O3(6LT -0,035615
Conzz v 20,1748 -10.1557
T onn " 0 L6015 0.46L36
T ozxz " L0 061LBBY -0 .0uB496
e T e
£, (x 1077 ayne em. ) 11,3556 1% 4146
n ”" " )}
fa/z_o O 7524 AL
: f3a " " " 2,714 2.,4628
far/d " " " 0.2384 0.3288
A
| -
‘ Y, (s) {cm 1y 1361 1445
; Vv, (8) " 505 506
L
| V 3 () " 1276 1437
The observed snfrared frequsncies 8IE 1151, 519, 1%61 cm._l
{
‘ for the 1 (s), \)2 (s) and Vj (a) vibration respectively.
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Table III

CENTRIFUGAL DISTORTION FREQUENCY SHIFTS (Mc.)

Calculated on basis of

Sets determined by F

11
Transition 10.2 x 105 10,0 x lO5 3.8 x lO5 "Iteration"  "Least Final Results
dyne em. L dyne om. ~} dyne cm,ml Procedure Squares" Combined Infra-

(Me.) Procedure red-Microwave
(Mo ) )
%0 Y1 2.45 2.45 -2.39
2,27 %11 -1.77 -1.73 -1.71
31,3 — "‘o,u -0.31 -0.25 -0.38
l‘o,u, N 1‘1,3 +0.15 +0,30 -0.10
61,5 5 -22.84 -23.03 -22,05
72,6 - 81,7 +1.85 +2.35 +1.62
91‘!9 - 82,6 -13.43 -12.37 -12.90
1}2’194 12}”9 -64.67 -52.15 -41.11 -56.15 ~S5h.64 -53.92
3.63!13—* 172,16 +34.16 +21.29 + 9.96 +27.89 +23.3%9 +23.11
2:21"’18-‘ 215’ 17 -225.96 -141.96 -68.21 -155.96 -157.62 -153.84
235 15 E“k,eo -2k4.53 -123.7k4 -210.39 -117.10 -112.39  -109.75
Qu%}g—\ 25y 21 +59.05 -30,50 108,88 -16.28 -18.2% -17.86
3“7,27A556,5o +160,73 -11k4,02 354,40 ~79.90 -78.61 -75.25



